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* For questions in Section Il, show relevant mathematical reasoning
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+ Attempt Questions 11-16
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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Consider the argand diagram, where z = a + ib.

Imz
A

Y

Rez

L]
oty ¢ o
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Which of the following pairs of points in the complex plane could
represent the square roots of z?

A, AandD
B. Band(C
C. BandE
D. CandFE

X
2 Which expression is equal to f xez2dx?

A. %xe —%e +C
1 = 1 x

B. Eer—EeZ+C
X X

C. 2xez—2ez2+C

X X
D.  2xez—4ez+C



3  Which of the following is a valid counter-example to the claim:
‘If it can purr or roar, it’s a cat.’

A cat that can purr but not roar.
A cat that can’t purr or roar.

A dog that can roar.

o0 w >

A dog that can’t purr or roar.

4  Asphere has equation (x — k)% + (y — 2k)? + (z — 3k)? = 49.

For what value of k does the sphere pass through the origin?

A7

B. 7

. V7
2

. |7

2

5 Given that a and b are positive real numbers, and a + b = 4, find the

1 1
minimum value of <1 + E) <1 + —).

b
A 0
3
B. =
2
C. 4
9
D. —
4



6  For a certain complex number z, it is known that |z| = 1.

Which of the following statements must also be true?

S o w »

z7l=2
Arg(z™') = Arg(2)
|z7t| > |Z]

z =iz

7  Which of the following is the Cartesian equation of the line joining
(1,-1,2) and (—1,1,0)?

A.

B.

x=—-y=z-1

x—1=y+1=2z-2
x+1 y—-1 z-2

2 2 2
1 -1
r=|-11+41 1]
2 0

8  Which of the following is a FALSE statement, given x,y € Z?

S 0w »

Vxdy (x — y = 0)
Vxdy 3x — y = 0)
vVx3dy (x — 3y = 0)
dx3Iy (x + y = 8)



9 The vectors a, b, and z are shown below.

A

a

\ 4

Which of the following could be equivalent to z, where 1;, 4, € R?

A, Aa+ b

B. a+A,b

C. Aa+b

D. None of the above

10 How many distinct roots has the equation (z* — 1)(z%? — 3iz—2) = 0,
where z € C?
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Section II

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets
are available.

For questions in Section II, your responses should include relevant
mathematical reasoning and/or calculations.

Question 11 (15 marks)

(a) Consider the vectorsu = 4i — 2j + 3kand v =i + 2j — 2k.

(i) Find the vectorw = u + v. 1
(ii) Find the exact value of |u|. 1
(iii) Hence find the vector t with magnitude 4, in the direction 1

opposite to u.

(b) (i) Find values of a and b such that 2

9x — 2 _ a b
2xfDx—6) @x+D) =6

(ii) Hence or otherwise find 2

O9x — 2 d
2x+ Dx—-6)"

(c) Consider the complex number z = 1 — +/3i

(i) Evaluate z71.

(i) Express z in the form e'®.

(iii) Hence, or otherwise, evaluate z°.

N = N =

(iv) FindInz, in the form a + ib, where a,b € R.

—6—



Question 11 (continued)

(d) Consider the proposition:
I won’t buy your fruit if it’s not sweet.

(i) State the contrapositive of the proposition.

(ii) State a possible counterexample to the proposition.

End of Question 11



Question 12 (15 marks)

(a) (i) Find the square root(s) of 7 — 244, in the form x + iy, where
x,y € R

11 ence or otherwise solve 2z° + 6z + + 121) = 0,forz € (.
ii) H h i lve 222 + 6 (1+12i)=0,f C

(b) Find the angle betweenu =i —2j+ 3kand v = i + 2j — 3k, correct
to the nearest degree.

() (i) Show that w = 2i is a solution to w® = —64.
(ii) Hence find the other distinct solutions to w® = —64, where
w € C.

(d) Use proof by contraposition to prove that if 3k + 1 is even, then k is
odd, Vk € Z

1

(e) Find the exact value of j sin~! x dx.
0

End of Question 12



Question 13 (15 marks)

(a) Use proof by contradiction to prove that loge 12 is irrational.

xZ
b) Find .
(b)  Fin _[x2+2x+10dx

(c) A subset of the complex plane is defined by the relation |z — (4 — 3i)| < 3.

(i) Draw a sketch of this relation.

(ii) Given that z is a complex number that satisfies the relation,
find the minimum and maximum values of |z|.

(iii) Given that z is a complex number that satisfies the relation,
find the minimum and maximum values of Arg(z).

(d) A curve is defined parametrically as r = (cos t)i + j + (sin? t)k,
for parametert, 0 <t < 2m.

(i) Explain why this curve is two-dimensional.

(ii) Sketch the curve, clearly labelling all important features,
including the coordinate axes.

End of Question 13

1



Question 14 (15 marks)

+b

a
(a) Itcan be shown that = Vab.DO NOT PROVE THIS.

(i) Provethat(a+ b)(b + ¢)(c + a) = 8abc for all positive real
numbers a, b, and c.

(ii) Suppose that x, y, and z are the lengths of the sides of a
triangle. Using the result from part (i), deduce that

xyz=2(yY+z—x)z+x—y)(x+y—2)

(b) (i) Find the constants A and B such that

1 Acosx B cosx

= - + -
cosx 1—sinx 14+ sinx

A

6
(ii) Hence find the exact value of f secx dx.
0

(c) Prove that the following three vectors CANNOT be the three sides of a
triangle:
t=4i—k—-2jju=5i—2j+7k,andv =i+ 3k — 2j

(d) Itcan be shown that jaf(x) dx = faf(a —x) dx.
0 0

DO NOT PROVE THIS.

T xsinx

Use this property to find the exact value off0 T+ o2z

—-10 -



Question 14 (continued)

(e) Jimin claims that for the function f(n) = n? + n + 41, f(n)is prime for all
positive integers n.

For example, f(1) =43,f(2) =47, f(3) = 53 and so on.
DO NOT PROVE THIS.

(i) Jungkook attempts to disprove this claim by providing the 1
following counter-example:

“7 is a prime number, but 7 isn’t generated by your formula.”

Explain why this is not a valid counter-example.

(ii) State a counter-example that disproves Jimin’s claim. 1

End of Question 14

-11 -



Question 15 (15 marks)

(a) Letl, = fx(ln x)" dx.

1 1
(i) Showthat I, = Exz(ln x)" — Enln_l.

3

(ii) Hence evaluate J x(Inx)? dx.
1

(b) Thelines l; and [, have vector equations as follows:

() ()L

(i) Show thatl; and [, DO NOT intersect.

(ii) It can be shown that
a’?+b?+c*>=(a+b+c)*>—2(ab+ ac + bc)
for a,b,c € R. DO NOT PROVE THIS.

Using this identity, or otherwise, show that the distance d
between a point on [;and a point on [, is given by

(iii) Hence determine the minimum distance between [; and [,.

(iv) Find the coordinates of the points on the two lines that are the
minimum distance apart.

End of Question 15

-12 —



Question 16 (15 marks)

(a) Prove the following statement for all r, where r € R:

Ifrisirrational, then \Jr is irrational.

(b) By evaluation or otherwise, prove that i is a real number.

X
(c) Let t=tan >

() Show that X = 2
: oW G T 1
Ztan%
(ii) Show that = sin x.
1+ tanzi
T
z 1 2 L1k

dx = ¢
(iii) Hence, show that.’; T+ ksinx X N an Tk

where 0 < k < 1.

' Ltl—'[E sinnxd h =0,1,2
(iv) Let I, = . 2% sinx x,wheren=20,1,2, ...

B

Show that .., + 2I, = f sin™ x dx.
0

(v) Hence, or otherwise, find the value of I,. Give your answer in
the form mm + 1, where m is irrational.

End of paper

—-13 -
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